Abstract. Varagnolo-Vasserot and Rouquier proved that, in a symmetric generalized Cartan matrix case, the simple modules over the quiver Hecke algebra with a special parameter correspond to the upper global basis. In this note we show that the simple modules over the quiver Hecke algebras with a generic parameter also correspond to the upper global basis in a symmetric generalized Cartan matrix case.
Introduction
Lascoux-Leclerc-Thibon ( [8] ) conjectured that the irreducible representations of Hecke algebras of type A are controlled by the upper global basis ( [4, 5] ) (or dual canonical basis ( [10] )) of the basic representation of the affine quantum group U q (A (1) ℓ ). Then Ariki ( [1] ) proved this conjecture by generalizing it to cyclotomic Hecke algebras. The crucial ingredient in his proof was the fact that the cyclotomic Hecke algebras categorify the irreducible highest weight representations of U(A (1) ℓ ). Because of the lack of grading on the cyclotomic Hecke algebras, these algebras do not categorify the representation of the quantum group.
Then Khovanov-Lauda and Rouquier introduced independently a new family of graded algebras, a generalization of affine Hecke algebras of type A, in order to categorify arbitrary quantum groups ( [6, 7, 11] ). These algebras are called KhovanovLauda-Rouquier algebras or quiver Hecke algebras.
Let U q (g) be the quantum group associated with a symmetrizable Cartan datum and let {R(β)} β∈Q + be the corresponding quiver Hecke algebras. Then it was shown in [6, 7] that there exists an algebra isomorphism When the generalized Cartan matrix is a symmetric matrix, Varagnolo and Vasserot ( [13] ) and Rouquier ([12] ) proved that the upper global basis introduced by the author or Lusztig's dual canonical basis corresponds to the isomorphism classes of simple R(β)-modules via the isomorphism (1.1).
However, for a given generalized Cartan matrix, associated quiver Hecke algebras are not unique and depend on the parameters c. Varagnolo-Vasserot and Rouquier have proved the above results for a very special choice c 0 of parameters (see (2.8) ). Let R(β) c 0 denote the quiver Hecke algebra with the choice c 0 , and R(β) cgen the quiver Hecke algebra with a generic choice c gen of parameters. When a simple R(β) cgen -module is specialized at the special parameter c 0 , it may be a reducible R(β) c 0 -module. The purpose of this note is to prove that the specialization of any simple R(β) cgen -module at c 0 remains a simple R(β) c 0 -module. In other words, the set of isomorphism classes of simple R(β) cgen -modules also corresponds to the upper global basis. Acknowledgements. We thank Shunsuke Tsuchioka for helpful discussions.
2. Review on global bases and quiver Hecke algebras 2.1. Global bases. Let I be a finite index set. An integral square matrix A = (a i,j ) i,j∈I is called a symmetrizable generalized Cartan matrix if it satisfies (i)
A Cartan datum (A, P, Π, P ∨ , Π ∨ ) consists of (1) a symmetrizable generalized Cartan matrix A, (2) a free abelian group P of finite rank, called the weight lattice, (3) P ∨ := Hom(P, Z), called the co-weight lattice,
Since A is symmetrizable, there is a symmetric bilinear form ( | ) on P satisfying
The free abelian group Q = i∈I Zα i is called the root lattice.
Let q be an indeterminate. Set
is the algebra over Q(q) generated by e i , f i (i ∈ I) and q h (h ∈ P ∨ ) satisfying following relations:
, where
Let U − q (g) be the Q(q)-subalgebra of U q (g) generated by the elements f i . We define the endomorphisms e ′ i and e
and the left multiplication of f j satisfy the q-boson commutation relations e
respectively. Note that U − A (g) 0 is a free A-module with a basis 1, and hence U − A (g) * 0 is a free A-module generated by the dual basis of 1, which is denoted by φ.
Proposition 2.2 ([4, 5]). There exists a unique basis
* , called the upper global basis, which satisfies the following conditions:
Then for any b ∈ B and i ∈ I, there existsf i b ∈ B such that, when writing
Note that B has the weight decomposition
There exists a unique involution (called the bar involution)
We have
2.2. Quiver Hecke algebras. Let (A, P, Π, P ∨ , Π ∨ ) be a Cartan datum. In this subsection, we recall the construction of the quiver Hecke algebras associated with
Let k(A) be the commutative Z-algebra generated by indeterminates {t i,j;p,q } and the inverse of t i,j;−a i,j ,0 where i, j ∈ I such that i = j and (p, q) ∈ S i,j . They are subject to the defining relations:
Let us define the polynomials (
We denote by S n = s 1 , . . . , s n−1 the symmetric group on n letters, where s i :=(i, i+ 1) is the transposition of i and i + 1. Then S n acts on I n .
Definition 2.3 ([6, 11]).
The quiver Hecke algebra R(n) of degree n associated with a Cartan datum (A, P, Π,
satisfying the following defining relations:
ν∈I n e(ν) = 1,
The Z-grading on R(n) is given by
Note that R(n) has an anti-involution ψ that fixes the generators x k , τ l and e(ν).
For n ∈ Z ≥0 and β ∈ Q + such that ht(β) = n, we set
We define e(β) = ν∈I β e(ν),
The algebra R(β) is called the quiver Hecke algebra at β. Similarly, for β, γ ∈ Q + with m = ht(β) and n = ht(γ)
where ν ranges over the set of ν ∈ I m+n such that m k=1 α ν k = β and
Here q : Mod R(β) − → Mod R(β) is the grade-shift functor:
Let us denote by X(A) the scheme Spec(k(A)). For x ∈ X(A), let us denote by k(x) the residue field of the local ring (O X(A) ) x and denote by R(β)
Let us take a commutative field k and a homomorphism k(x) − → k. For β ∈ Q + , let us denote by R(β) k -gmod the abelian category of graded R(β) k -modules finite-dimensional over k. Then the set of isomorphism classes of simple objects in R(β) k -gmod is isomorphic to the one for R(β) x -gmod by S → k ⊗ k(x) S (see [6, Corollary 3.19 
]).
For i ∈ I and x ∈ X(A) we have functors
Here these functors are defined by
for M ∈ R(β) x -gmod and N ∈ R(β + α i ) x -gmod. Then we have
which immediately follows from [3, Theorem 3.6]. Let K R(β) x -gmod denote the Grothendieck group of the abelian category R(β) x -gmod. Then, it has a structure of a Z[q, q −1 ]-module induced by the grade-shift functor on R(β) x -gmod. Then the following theorem holds.
Theorem 2.4 ([6]). There exists a unique
such that For a simple graded module S, let us denote by ε i (S) the largest integer k such that E k i S = 0. Recall that q denotes the shift-functor and
Proposition 2.5 ( [9, 6] ). Let x ∈ X(A), β ∈ Q + and S a simple graded R(β) x -module.
(i) The cosocle of F i S is a simple module. Its image under q Hence, the cosocle of F i S is isomorphic to q −ε i (S) i F i S, the socle of E i S is isomorphic to q ε i (S)−1 i E i S and the cosocle of E i S is isomorphic to q
For b ∈ B −β , let us denote by L x (b) the corresponding simple graded R(β) x -module in Irr(R(β) x ). Now assume that A is symmetric and consider a k-valued point c 0 of X(A) given by
where k is a field of characteristic 0 and b i,j ∈ k × .
Then the following theorem is proved by Varagnolo-Vasserot ( [13] ) and Rouquier ([12] 
For M ∈ R(β) x -gmod, let us define its character ch(M) by
Then we have
3. Main results 3.1. Let c gen be the generic point of X(A). For β ∈ Q + and b ∈ B −β , let us consider the simple graded R(β) cgen -module L cgen (b).
Proof. We shall prove it by induction on ht(β). We may assume β = 0. Take an i ∈ I such that ℓ :
By the induction hypothesis, there exists an
Then the kernel of f coincides with the sheaf {u ∈ M | e(β ′ , ℓα i )Ru = 0} .
The homomorphismt f factors through
for a sufficient large integer m. In this subsection, we shall prove the following theorem. We have the reduction map
L that is finitely generated and torsion-free as an O-module. The homomorphism Red K,k commutes with the duality D. Also it is compatible with the correspondence (2.7), namely we have a commutative diagram:
We shall prove it by induction on ht(β). Take an i ∈ I such that ε i (b) > 0 and set
Then by the induction hypothesis, we have
in the one of q
by the assumption that c 0 satisfies (3.1).
In particular,
This completes the proof of Theorem 3.2. 
